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The Exact Solution of Fokker-Planck Equation for Brownian Motion
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In this article, we are interested in deriving ffakker-Planck equation, which is based on the Leingequation for
Brownian motion and then find an explicit form otartain probability distribution by using a matheicel method. We

also calculated the velocity moments for this gyste

1. Introduction

Theoretical physics can be roughly viewed as the
study of solutions of differential equations aneé th
modeling of natural phenomena by deterministic
solutions of differential equations.

The quest for a mathematical description of the
Brownian trajectories led to a new class of
differential equations, namely the so-called
stochastic differential equations. Such equations
can be regarded as the generalization pioneered by
Paul Langevin of Newtonian mechanical equations
that are driven by independent stochastic
increments obeying either a Gaussian (white
Gaussian noise) or the Poisson statistics (white
Poisson noise). This yields a formulation of the
Fokker-Planck equation (master equation) in terms
of a nonlinear Langevin equation generally driven
by multiplicative white Gaussian (Poisson) noise(s)
[1].

As the aforementioned independent increments
correspond to no bounded trajectory variations, the
integration of such differential equations must be
given a more general meaning. This led to the
stochastic integration calculus of either the et
or the Stratonovich type. In recent years, this
method of modeling the statistical mechanics of
generally nonlinear systems driven by random
forces has been developed further to account for
physically more realistic noise sources possessing
finite or even infinite noise-correlation time.

The general Fokker-Planck equation for one
variablex has the form [2]:

{—i D% (x) +6_22 D® (x)}
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is called the drift
is the diffusion

In this equation, D®(X)
coefficient and D®(x)>0

coefficient. Eqn. (1) is the equation of motion for
the distribution functiomv(x, t) .

2. Langevin Equation for Brownian Motion

If a small particle of mass immersed in a fluid, a
friction force will act on the particle. The simpte
expression for such a friction force is given by
Stokes law [3]:

F.=-av )
Therefore, the equation of motion for the partidle
the absence of additional forces reads:

mv+av=0
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Thus an initial velocityv(0) decreases to zero with

the relaxation timer -1 according to the formula
4

-t
v(t) =v(0e" ®)
The physics behind the friction is that the
molecules of the fluid collide with the particlehd
momentum of the particle is transferred to the
molecules of the fluid and the velocity of the
particle therefore decreases to zero. If the méss o
the small particle is still large compared to thass
of the molecules, one expects Eqn. (3) to be valid
approximately. Eqn. (3) must be modified so that it
leads to correct thermal energy. The modification
consists in adding a fluctuation fordg (t) on the
right-hand side of Eqgn. (3).

Then, the total force of the molecules acting on
the small particle is decomposed into a continuous
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damping force F_(t) and a fluctuating force,
F. (), satisfying

FO=F.@O+F #) =-av(t)+F, (1) (6)

By inserting Eqn. (6) into Egn. (3) and dividing by
the mass, we get the equation of motion:

v+ =T(t) ()

Here, we have introduced the fluctuating force per
unit mass as

F,(t
r) =% (®)

which is called
Brownian motion.

the Langevin equation for

3. How to Derive Fokker-Planck Equation in
Brownian M otion by Langevin Equation

We start with Eqn. (7), where is velocity of
particle and definels(t) .

The white noise, on the other hand, is a Fourier
transformation having the form [4]:

w(v,t) = [€Z(A,t)dA 9)
Z(A1) = Je ™ w(v, t)dv (10)
Z(A ) =(e™) (11)

Z, =-iAve™) =-iA((-w +F()e™) (12)

=iAy(ve™) =iA(r (t)e™) (13)
Since the forcd (x,t) is Gaussian, we can use the

standard trick of the theory of Langevin equatibn,
is called the Novikov theory [5,6]:

(F(x,t)expZiA v(x, 1)) = =i TK(x=x,)A Z (14)

2 =-JAZ, - N°Z (15)

iAv

Now, we multiply e by Z, and making use of
Egns. (9) and (10), we get
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0 a*w(v, t)
=iy—I(- WVZdA )+ ——~% (17
iy, Vet zan)s =28 )
6W(V t) 0? W(V t)
Vv, 1)) +——= 18
% av ( pw(v, 1)) (18)

Eqgn. (18) is called the Fokker-Planck equation for
Brownian motion. Now, we are interested in
calculating the distribution function.

4. Exact Solution of Fokker-Planck Equation

Here, we will consideD® and D®, which are t-
independent, anB® is linear inv and D® is
constant.

It follows that
D® =Cte

DY =-w (19)

The equation for distribution function now reads as

ow(v,t) _ 9’ w(v t)
el 2 (v, )+ Ccte YD (20)
With the initial condition
w(v,t =0) = (V) (22)

The solution of Egn. (20) is best found by making a
Fourier transformation iv, i.e.,

w(v,t) = iﬂ Te=z(A,tydA 22)

We consider to initial condition (Egn. (21)), where
the initial condition for the Fourier transformatio
is [7] given as

Z(A,t)=e™ (23)
The first order of Egn. (15) may be solved by the

methods of characteristics [8]. The solution of Eqn
(15) reads as

(24)

Z(A,t)zex;{_mz(l—_eﬂ)}

2y

By performing the integral in Eqn. (22), we finally
get the Gaussian distribution
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_ - W
wvt) = Zm(l—e'zﬂ)eX{ZC(l—e‘”)} (@5)

Eqgn. (25) is valid for both positive and negatiye

5. Calculation of " Moment for Stationary
State

To obtain the i moment we have [9]

M, = <v”> = [v'w(v,t)av

n

_ [y Jow
* Vo ex;{ Zc} @7)

Now, for this system we can write

(26)

W

M, =(v) = ﬁjve_zdv=0 (28)
M, =<v2>=1/ﬁjv2e’%dv=1/ﬁ \/?T (29)
yZ
: 1/ jv e 2°dv 0 (30)

e 3/

v“>:W/—2y [v'e 2°dv:1/—2y —fﬂ (31)
T T 2
y2

(32)

\/7jv e % dv= \/715\/_ (33)

y?

Finally, we can calculate the average of kinetic
energy for this system in stationary state, whch i

2

(E)=5m V) =\ 207

(34)

6. Conclusion

In this article, the distribution function is exct
calculated in terms of velocity and time for
Brownian motion by using the known distribution.
Then, with the help of the distribution function in
stationary state, we could calculate the average
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value of the kinetic energy. We perceive that the
odd order of the moment is equal to zero and the
even order of the moment is limited. In generad, th
Brownian motion has indeed many more
applications that one expects. Many common
occurrences which we come across have somehow
been linked to the characteristics of Brownian

motion. In particular, the fractal theory and the
theory of continuum walks are of great
significance. Brownian noise has long been

recognized as a form of unavoidable interference in
the transmission, while the estimation of flooda is
rather recent discovery that is applicable to the
environment. In this article, various applicatiafs
the Brownian motion have been mentioned. It is
obvious that the Brownian motion is not just a
physical theory that is solely applied to the world
of science and technology. Instead, it covers cite
number of interesting aspects of life without our
being aware of its role. Brownian model should
also be very useful for the uncertainly theory vihic
has been developing extensively in recent times.
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