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Modified Schrodinger equation plays a fundamental role for describing the behavior of a particle at microscopic scale. In this context, we have studied
the non-relativistic energy spectra of the modified quantum mechanical gravitational potential plus the harmonic oscillator (MQMGHO) potential
using the generalized Bopp’s shift method and standard perturbation theory within the framework of non-commutative 3-dimensional phase space
(NC: 3D-RSP) symmetries. Furthermore, we have shown that the modified Hamiltonian operator containing a perturbed Coulomb potential, which
physically means the global Hamiltonian of MQMGHO potential, can be described as Hydrogenic atoms interacting with strong potential composed of
quantum mechanical gravitational potential plus the harmonic oscillator (QMGHO) potential and an auxiliary part. The bound state energy

eigenvalues, in terms of discreet atomic quantum numbers ( J , (l’l,l )and m ), four infinitesimal parameters |®, X 9,0’ induced by position-

position and phase-phase non-commutativity, in addition to the dimensional parameters of MQMGHO potential and the corresponding non-
commutative Hamiltonian operator were obtained for Hydrogenic atoms. Moreover, we have shown that, the total complete degeneracy of energy

levels of studied potential were changed and replaced by new values 27 ’

L. Introduction of view [7-8]. The modified harmonic oscillator potential plays
R lv. there has b . dv physical and a basic role in chemical and molecular physics. We want to
ccently, there has been a great interest to study physical an extend, this study [7-8] to the case of NCQM symmetries. The

chemical phenomena in the generalized quantum mechanics
(non-commutative quantum mechanics (NCQM)). There has
been an increasing interest in finding the analytical solutions that
play a crucial role for getting complete physical and chemical
information about quantum mechanical systems. In the non-
relativistic case the exact bound state solutions of the modified

NCQM structure based to NC canonical commutations relations
in both Schrodinger and Heisenberg pictures (SP and HP),
respectively, as follows (Throughout this paper, the natural

units ¢ = i =1 will be used) [9-23]:

Schrodinger equation (MSE) are only possible for some [X i» P ] = [X ; (f ), p; (f )] =1id,
potentials of chemical and physical interest. In the symmetries of [x. x _]: [x. (t) ¥ .(t )] -0 =
NCQM, which was made known firstly by Heisenberg and was e e
formalized by Snyder at 1947, was suggested by recent results in [P,- P ] = [Pf @).p j (©)]=0
string theory [1-5]. In this work, our aim is to solve the MSE for - . 5
the modlﬁed quantum mechamc;al g.raV1tat10nal (MQMG) %, f’,} = [;CI_ (1), 2 (;)} = ih,,0, = AL AP, = AR, (t)Ajyj (t)> é
potential plus the modified harmonic oscillator (MHO) potential L
via the generalized Bopp’s shift method and standard ros . 0, ()
perturbation theory in the case of the symmetries of NCQM. The X; ,xj] = {X,(f), ,-(f)} =i0, > Avx, = Axi([) ,(I)Z >
MQMGHO potential takes the form: - _
[ o« * _ aij
DD, |=| Di\t), p,\t) | =i0; = Ap,AD, = Ap(¢)Ap (t) >
Vo =¥y vy (avys b s (L B[ 2050|0900, = o090
V (#)=7 . (r)- [a 2y, + 1 uw’ + 'B_O’VOJE(:) + Le Where, the non-commutativity parameters 491.1. and 51] are
mgo mgo 2 2 2
' a real-values and elements of the antisymmetric constant matrix
In 2005, B. Santos et al. [6] have studied the motion of a with a dimension of [xl. ]2 and [p ; ]2 , respectively and 7 of is
particle in a gravitation al field using the QMGP Wlt}.lOUt the the effective Planck constant. However, the new operators
exponential term and in 2014, Ita et al [7] have applied the NU A . .
method to é‘(l)E (x VD, )(t ) in HP are depending to the corresponding

QMGHO potential, where they obtained bound state s-wave 2 A A )
solution of the SE equation. Recently, H. Louis et al. [8] solved new - operators §=xl, vV p; in SP from the following
the SE for QMGHO potential by WKB approximation method. It projections relations:

is known that the QMGP could be used to calculate the energy of

a body falling under gravity from the quantum mechanical point §(t) = exp(iH (t ~1, )) Eexp(—iH (t ~1, )) =
mgo mgo
130
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é(t) = eXp@]:Inc—mgo(t - tO )) * é * eXp(_i]:Inc—mgo(t - tO )) (3)

The dynamics of new systems are described from the

following motion equations in NCQM

dé(e)

dt
50)

dt

GV
4

g(t) * ﬁnc—mgo - IA{nc—mgo * g(t)

| 01|

The two operators H mgo and H represent the ordinary and

nce—mgo
quantum Hamiltonian operators for QMGHO potential and
MQMGHO potential in the QM and NCQM, respectively. The

— v
very small two parameters 6“" and € (compared to the
energy) are elements of two antisymmetric real matrixes and (*)
denote to the new star product, which is generalized between two

(/2)(x. p) the

f ()AC, ﬁ)g(fc, ﬁ) = ( f* g)(x, p) in ordinary 3-dimensional space-
phase [17-23]:

(f.2)(x, p) > (f * g)x. p)

i VAx X i —uv
=(fg—56“' 6;,f<9vg—59” af,fafgj(x,p)

arbitrary  functions to new form

)

Where, (8;,82)2 ( 0 , 0 j The effects of (space-space)
ox*  op*
and (phase-phase) noncommutativity properties, respectively
induce the second and the third terms in the above equation. The
organization scheme of the recent work is given as follows. The
ordinary SE with QGMHO potential will be reviewed in Sec. 2
based on [7-8]. Sec.3 is devoted to studying the MSE by applying
the generalized Bopp's shift method for MQGHO potential. In the
next subsection, by applying standard perturbation theory to find

the quantum spectrum of n™ excited levels for spin-orbital
interaction in the framework of the global group (NC-3D: RSP)
and then, we derive the magnetic spectrum for MQMGHOP. In
the Sec. 4, we resume the global spectrum and corresponding NC
Hamiltonian operator for MQMGHO potential. Finally, the short
concluding remarks have been presented in the Sec.5.

2. Overview of the eigenfunctions and the energy
eigenvalues for QM GHO potential

SOLUTION OF THE MODIFIED SCHRODINGER
EQUATION

2.1 Review of generalized Bopp’s shift method

131

In this section, we are going to study some basic properties of
the time-independent Schrodinger equation for a quantum
mechanical gravitational potential plus the harmonic oscillator
potential (QMGHO) of the form [7-8]:

V(z)zmgz+5eikzwL%ya)zz2 -

(6)
w1 2 ) 1 )
Vgg(r):mgr+5€ +5,uafr E%+(ﬁ—a%)r+[a%+2ﬂd}

m,

Where, z is the displacement, k is momentum, m is the mass,
g is gravitational acceleration, 0 is an adjustable parameter,

7 @
and f=mg, o =kandd =V, . If we insert this potential

is the reduced mass, is the angular frequency,

into the time-independent SE, the radial part reads [7]

E,~V,~(B-aV,)r-

, 1+ [R,(r)=0(D)

danl(r) 1
—| &V, += a)zjr
( 0 2 /u I"2

e +2u

The radial parts of the wave functions are shown as a function
of the Laguerre polynomial in terms of some parameters [7] as

R, (r) = Nplre)2 exp(— \/)/_lr)L‘; ( 12 r) (8)
Where,& =24/1/4+y,,  y,==2u(E-V,]  and

1
V= 2/_{0521/6 +§ ,ua)z J, therefore, the complete wave function

‘I’(I’, o, (p) and the energy £ of the potential in Eqn. (6) are
given by

l+e)/2
W(r.0.0)=N a r) expl- 7l (e (6.0) ©
and [7-8] by
(n+1/2) (n+1/2)+ 2up—a,)
En=V0+L \/Zy(anO+,ua)2/2) (10)
| oup-aty)
A2V, + e 1 2))

In this sub-section, we shall give an overview or a brief
preliminary for MQMGHO potential in (NC: 3D-RSP)
symmetries. To perform this task the physical form of MSE, it
is necessary to replace ordinary three-dimensional Hamiltonian
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A b d
operators H ( DX, ), ordinary complex wave function ‘P(rj

and ordinary energy Enl by new three Hamiltonian

operators F ., ( D> X, ) , new complex wave function ‘P(? )

and new values E

ne-mgo » Yespectively. In addition to replace the

ordinary old product by the Moyal-Weyl product (* - product),
which allows us to construct the MSE in (NC-3D: RSP)
symmetries [18-26] as

I:Imgu(pl‘ ’xl‘ M;) = Enl\}(;) :ﬁ(ﬁl ’)?'-i ) *\x’(;’) = Enc'—mgu\x’(f.J ( 1 1)

The Bopp’s shift method employed in the solutions enables us
to explore an effective way of obtaining the modified potential in
NCQM, which is based on the following new commutators [24-
34]:

[59")%/]:[’%i(t)’)%j(t)]:iaj and[i’nﬁj]:[ﬁi(f)’ﬁ/(t)]:ibﬁ (12)

It is well known that, in (NC: 3D-RSP), the new generalized
positions and momentum coordinates ()Acl. , 151) can be obtained

by the carrying out non-minimal substitution [19-24] as

. 0; 0;
(xiﬁpi)j(xiﬁpi):(xi _?jpj’pi7 +7/ij (13)

Where, (xi, pl.)are corresponding usual generalized positions
and momentum coordinates in CQM obeys the usual
commutation relations |_xl., D; J = |_xi (t ), D; (t )J= ié:j. The above

. . A IV
equation allows us to obtain the two operators 7% and p- in

(NC-3D: RSP) [25-30] as
(rz,pz):(fz,faz)z(rz —Ij(:),p2 +1.0 ) (14)

The two couplings LO® and I:é are

(Lx®12 +Ly@)23 +Lz®]3) and(Lxgn +Ly923 +L2913),
respectively and (L, L , and L) are the three components of

angular momentum operatorZ while ®i/‘ =Hdj/2. Thus, the

j (15)

reduced SE (without star product) can be written as

o yr{7)-r. ]
= H(p,.i W(F)=E

~N> )

ne— mg,oW( )

132

The new operator of Hamiltonian /7 ne—mgo (ﬁi,fc[) can be

expressed as

g . 51‘]‘ (16)
T PP TR TS

]imgo(pi’ ):]Jm‘ mgo( 1")’(\"1‘)E 'ill = 2

Now, we want to find the MQMGHO potential ¥, - (79 ) which

can found from the relation given below as

mg mgo

v, (r)=V, (F)= V;+(ﬂ—a%)f+(a2n+;yafjﬁ2 (17)

After straightforward calculations, we can obtain the important
n 2 1 2 |2 . .
terms (ﬂ—aVO )r and| a7V +5,ua) 7~ , which will be

used to determine the MQMGHO potential in (NC: 3D- RSP)
symmetries as:

Vo
ﬂ aOL®

(18)

(B-aVy)r > (B-aV,)F =(B—aV, )r-

(OCZVO +%,ua)2J{r2 -t =7 —iC:)}

By making the substitution above equation into Eqn. (17), we
find the global our working new Hamiltonian operator

H nc-mgo(;) satisfies the equation in (NC: 3D-RSP)

symmetries:
ngo (p’ x) = an—mgu (i/\') :ngu( 4 x) + Hper—mgu (l") (19)

Where, the operator H mgo (p,x) is just the ordinary

Hamiltonian operator for MGHO potential in commutative
space:

m,

2
H go( , X) :g,u-'_VO +(ﬂ—aV0)r+(a2V; +;,ua)2jr2 (20)

Whereas, the rest part H per-mgo (I") is proportional with two

infinitesimals parameters (® and 0 ):

—

—

-~ L0
H oo r)==1 (Lé+ @1
V,
with, £ () = a’V, + 2/10) + P 20( The  above
r

relationship clearly shows us the additive part /1 per-mgo (I") of

the Hamiltonian operator containing a perturbed Columbic
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—-alV, - =
uL@ . This means physically that the global

potential
2r
Hamiltonian H 20 (79) can be describe as Hydrogenic atom

interacting with strong potential composed with quantum
mechanical gravitational potential plus the harmonic oscillator

1 .
potential and an auxiliary part— (a : V, + 5 1o% jL@ . Thus,

we can consider [ per-mgo (I") as a perturbation terms compared

with the principal Hamiltonian operator H mgo ( D, x) in (NC:
3D-RSP) symmetries.

3.2 The modified spin-orbit spectrum for MOMGHO potential in
(NC: 3D- RSP) symmetries

In this sub-section, we want to see the physical contribution of
the generated Hamiltonian operator / per-mgo (l") and its effect

on the principal energy £ . To achieve this important objective,

as a first step, we follow the same strategy that we saw in our
previous works [31-38]; under such particular choice, one can

- - -2

easily reproduce both couplings (L®and L@ ) to the new

- o

physical forms (/O LS and y6 LS'), respectively. We have
- =

oriented the two-arbitrary vectors ® and @ to same direction of

N -

spin S (we have chosen the two vectors (:) and O parallel to the
-
spin S of Hydrogenic atoms). Thus, the new forms

of H for MQMGHO potential as follows

per-mgo (7")

— 1 —al 072
Hper—/ngo(r)Eliso-mg (V, Q’H)E y{_(az% +Eya)2 +ﬂ}"0)+2,LI}LS (22)
Here y = m is a new constant, which plays the role of the

fine structure constant. Furthermore, the above perturbative terms
H per-mgo (l”) can be rewritten to the following new form as

(cmzd_l(m)

dr’*  rdr r

The two terms which composed the expression of
H per-mgo (r) are proportional to two infinitesimals parameters

(® and @ ). Thus, in what follows, we proceed to solve the
modified radial part of the MSE that is, Eqn. (24) by applying
standard perturbation theory for their exact solutions at first order

of two parameters ® and €. After this sub-section, we study the

133

SO-Mg

H ir,@é)zf —(ofVO+1/,m3+ﬁ_aV0j®+9 G (23)
2 2 o 2u

SR
Where, G =J —L —S§ .This operator relates the coupling

- -
between spin S and orbital momentum LS. The set

(H g0 (r, o, 5), J?, 1%, S’and J) forms a complete set

- d
of conserved physics quantities and for S =1/2, the
eigenvalues of the spin orbit coupling operator are

1) 3
K, E2{[1i2](112+1)+1(1+1)—4}
toj=/+1/2 (spin up) andj=/-1/2

respectively, then, one can form a diagonal (3><3) matrix,
(7
for MQMGHO potential in (NC: 3D-RSP)

corresponding

(spin  down),

and

so—mgo ) by

with diagonal elements are (H so-mgo )11’

(7

symmetries as

1, p-ap), 0.
(I{Sﬂign)u:}k{_[azl/o +§,u(3 +2r0}9+2/uj1f]=l+1/2

1 B—a;) . 6. ..
(Iimngo)zf;k(—[of% o +2r°]®+2ﬂ}fj =1-1/2 (249

=0
33

s0—mgo )33

(H, ..

After a detailed calculation one can show that the new radial
function R, (r) satisfying the following differential equation
for MQMGHO potential:

i JRM(r)+2y Enl—VO—(,B—aVO)r—(anO +;,ua)2jr2+(a2V0 +;ya>2+ﬂ_aV°JE®—w R, (r)=0(25)

2r 2u

fundamentally rich systems of (NC: 3D- RSP), which will be
used to generate the energy of studied potential.

3.3 The exact modified spin-orbital spectrum for MOMGHO
potential in global (NC: 3D- RSP) symmetries
The purpose here is to give a complete prescription for

determine the energy level of n™ excited states, of Hydrogenic
atoms with MQMGHO potential, we first find the corrections
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Eu-mgo and Ed-mga which have j=17+1/2 (spin up) parameters ® and 5 obtained by applying the standard

and j =1 —1/2 (spin down), respectively, at first order of two perturbation theory to find the following:

E, =Nk, j “expl- 27|y [(0{ v, + ; ot + 2= j@—zijdr

2r y7i
. — (26)
Ef g = ~WNk_ I exp( 2\/_r1L (2\/_7”)] ((a V, +2,ua) +ﬂ ZfV j@—%}dl’

Now, we can write the above two equations to the new form:

B 05710) =0T (07 O )Tl gy MOTEOVST e expressions of the thre e T2,
7

T, (n, &7, ) and T, (n, £,7, )are given by:

17
Edmgo<n,e,yl,z>=—w2k{@n(n,s,yl>+@rz(n,e,m—Zﬂa(n,am}

T (n,e,7,)= (a v, L o jj et exp(— 2\/7_11”1@ (2\/7/_11”)]2 drz(ano +%,ua)2jT3(n,e,7l)
0

(28)
av,”
T,(n,e,7,)= paly 5 J- fret exp( 2y rlL‘E (2«/ r)]
For the ground state, we have L’ _, (21171 I’) =1. It is convenient 7,( 1 (2+¢)2
’ n= n=0,¢7)=|a’V,+=uw’ |(4y,) r2+e)
to apply the following special integral [39]: 2
1
j x* " expl- g i =~ p ”F(—j (29) v 1
0 poor T(=0.6.7) = 20 (4, ) rl1+2)
2 p
|4
With conditions (Re )0, Rev)0 and p)0) and F(—J the or the first excited state, we
p f f
ordinary Gamma function. After straightforward calculations, we have L, 1(2 7”) “2yrHetl. Thus, the  three
can obtain the explicit results as follows factors T1(n =L&, ), Tz(n =Leg, 71) and T3(n =lLg, }/1) are

given by
1
T(n=1¢7)= (aV+2uwj3(n=L8,71)

:(aZVO +;,ua)2j{47/1 Tr‘”‘?’l exp(—Z 71r)d 247 (8+2)j e 1exp(—Z ylr)dr+(g +28+1)'[ e lexp( 2\/>r)} GD

0 0

T( —157/1) s 205 j l*‘”exp( 2 71rX471 -2 }/1(8+2)7’+82+28+1)d1”

0

Evaluating the integral in Eqn. (31), applies the special integration, which given by Eqn. (29), we obtain the results:

134
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=ten)={ i+ o rn=1.7)

= [ano + % UD J{(471 VI (44 )— 27, (e +2)dy, T3+ )+ (52 +2¢e+ 1X4}/l )24 5)}

(32)

Lin=1ey)=2 2“V (a7 203+ £)-27, 6+ 20d7,) ©2T(2+ £)+ (2 + 26 +1) 4y, ) T (142

This exact modifications

= 1,8,}/1) of the first

allows us to obtain the
E nzl,g,yl) and Ed_mgo(n
excited state,
modifications Eu_mga(n,g, ]/,l) and E

u-mgo(
and in the same way we find the exact

(n,g, ]/,l) for

d-mgo
th

n" excited states of Hydrogenic atoms with MQMGHO
potential in global quantum group symmetry (NC: 3D-RSP).

3.4 The exact modified magnetic spectrum for MOMGHO
potential in global (NC: 3D- RSP) symmetries

Further to previously obtained important results we now consider
another physically meaningful phenomena produced by the effect
of MQMGHO potential related to the influence of an external

uniform magnetic field B, to avoid the repetition in the
theoretical calculations, it’s sufficient to apply the following
replacements:

© — yB )
- ZH:{ [a V+ J1o% +'8 vy j®+i}
0 ->oB 2 2r 2p

V _
replace_by{ (a V, +— ,ua)2 +ﬂ ¢ j;(+ }BL (33)
2r 2u

Here ¥ and O are two infinitesimal real proportional constants,

and we choose the arbitrary external magnetic field B parallel to
the (Oz) axis, which allow us to introduce the new modified

magnetic Hamiltonian H memg in (NC: 3D-RSP) symmetries as

p=a; }HG}E}—NZ} (34)
2u

the

1
ngoz(—(ofVo + UGB +

H —_—
Here, N, =—.5 B denotes Zeeman effect,

o >
whereas = BJ— N _ is the new Zeeman effect. To obtain

mod—z

E

nc -umgo

(nzO,j,l,s,g,yl):E

E

nc -dmgo (

2
nzoajalasagﬂyl) E }/]\2[ {@T(}’l 08}/1)+®T(}’l 0871)

135

the exact NC magnetic modifications of energy for ground

state, first excited state and n™ excited states of Hydrogenic

atoms Emag_mgo (n =0,m=0,¢, }/1),
Emag_mgo(n=l,m=0,il,8,]/1) and Emag_mgo (n,m,g, 7/1) we

and ® in the Eq. (27) by the following
parameters: m and ¥ , respectively, as

just replacek,

E

mag—mgo

(n:O,m:O,a,j/l):O
ZTl(n:1’5’71)+ZT2("’:1’5’71)

E
-z 7;(",5,71)
2p

n=l,m=0,il,g,}/l)=—}/N2 Bm

E oo 8,7)= =N Z{ZTI (n.2.7,)+ 2T, (n.e.7,) - iTs(nﬁwl )}Bm

(35)

We have —/ < m <+ which allows us to fix (2/+1) values
for discreet numbers m .

3. Results

In this section, we discuss several results obtained in the
previous section, our goal from this work is on focusing around

the modified eigen-energies  (E, umgo( =0, /,1,s,¢, 7/1),
E;lc—drrgo(n:()’j’lﬂs’g’yl))’ (Enc—umgo(nzlﬂj’lﬂsﬂg’yl)’
Enc-dmgo(nzl’jﬁl"s’g’j/l)) and (Enc-umgo(n’j’lﬁsﬁg’yl)’

Enc_dmgo(n, Jsl,s, &, 7/1)) of a Hydrogenic atoms with spin

- -
S =1/2 for MSE with MQMGHO potential are obtained in
this paper on based on our original results presented by Eqns.

(27), (31), (32) and (35), in addition to the ordinary energy E,
for QMGHO potential, which is presented by Eqn. (10):

(36)

LI
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Em.umgo(n=1,j,l,s,8,71)=E1—Wz{(kﬁme)(Tl(n=1,8,71)+®T2(n=1,6,71))— %kﬁ—ﬂBmJTg(n—Lem)}
_ _ (37)
Em.dmgo(n=Lj,l,s,€,71)=E1—7N2{(k_®+zBm)(Tl(n=1,8,71)+®T2(n=1,8,71))— %kﬁ—ﬂBmJTs( 1671)}
Enc—umgo(n’j’l’s’g’yl):En_yNz{(k+®+ZBm)(];(n’g’}/l)+G)TZ(n’g’}/l))_ %k++%3m]];(n,g,}/l)}
. . (38)
. 0
By L6, E, —7N2{(k®+ZBm)(T1(n,8,7l)+®T2(n,8m))— Zmiﬂzsm]n(n,e,m}
Where
1 n(B-av,) u(B-av,)
E, =V, +—11/4
Y { +\/2,u(a2V0+,uco2/2) 22ula?v, + uw? /2
2 39
g ooy s loja,  3eB-al) ulp —av,)” (39)
2u V2ula®v, + po®12) 2ula?v, + po’ 12|

This is the main goal of this work. It’s clear, that the obtained
eigenvalues of energies are reals and then the non-

commutative diagonal Hamiltonian H is Hermitian,

nc—mgo

A
(o), ==+ H

2,” int—umgo
(1 o )22 = —i—; + H g (40)
(an—mgo )33 - ngo

Where,

A
Thus, the ordinary kinetic term for QMGHO potential ——
2u
Vo + (ﬂ —a¥, )r

and ordinary interaction

1
+ (a 2V0 + E ,ua)Z jrz are replaced by a new modified form of

A
a kinetic term 2—“ (which generate the dynamic of the physical
7]

system) and two modified interactions to the new form
(H. and H. ). On the other hand, it is evident to

consider the quantum number m takes (2/+1) values and we

int —umgo int—dmgo

136

E, VO+L{(n+1/2>{(n+l/2)+ 2u(f—aV,) }
2 V2u

ﬂ(ﬁ_aVo)z }

@V, +uo?/2)| 2p2ula’v, + o’ /2)

furthermore it’s possible to write the following three

clements (g, )+ (g )y and (H ) s
follows:
A, A-GL-olL
2u 2u
wtcamso = Voo (7) = 7 (R0 + 7Ry ) f () 41)
H i tmgo = Vingo (’”) 7(k O+ N - z)f(r)

have also two values for j =/ % E, thus every state in usually

three dimensional space of energy for MQMGHO potential will
be 2(2[ + l)sub-states. To obtain the total complete

degeneracy of energy level of the MQMGHO potential in NC
three-dimension spaces-phases, we need to sum for all allowed

values of [ . Total degeneracy is thus,

n—1
2> (21+1)= (42)
1=0

Note that the obtained new energy eigenvalues

(Enc—umgo(nﬁj’l’s’gﬁyl)’Enc—dmgo(n’jﬁl’s’gﬁyl)) now
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depend to new discrete atomic quantum numbers (n, j,l,s)

andm in addition to the parameter - of the potential. It is

-

/2, the total
operator can be obtains from the interval |l —S| <j< |l +S|,

N
pertinent to note that when the atoms have S # 1

which allow us to obtaining the eigenvalues of the operator
(jz_zz_gzj as k(j,1,5)=j(j + ) +I( +1)—s(s+1) and

then the
Enc-mgo(”’j’ l, S, &, }/1) reads:

nonrelativistic energy spectrum

Enc_mgo(n,j, l,s,¢, )/1): E, —)/N2 (k(,l,s)@+;(Bm)(Tl(n,5,)/1)+ ®T2(n,5, 12 ))—(ik+ +£BmJT3(n,5,yl) (43)

If f= Vyin Eq. (19), the new Hamiltonian operator

H no-mgo (f)turns back into the modified harmonic oscillator

Hamiltonian operator in (NC: 3D- RSP) symmetries and the
energy equation (43) yields the energy eigenvalues for the
modified  harmonic  oscillator  potential. If we

consider(@, }()—)(0,0), we recover the results of

commutative space of refs [7-8] obtained for the quantum
mechanical gravitational potential plus the harmonic oscillator
potential

5. Conclusion

In this paper, we have studied the bound state solution of the
modified Schrodinger equation for modified quantum
mechanical gravitational potential plus the modified harmonic
oscillator potential via the generalized Bopp’s shift method and
standard perturbation theory in (NC: 3D-RSP) symmetries. We
resume the main obtained results:

e We have seen that the modified Hamiltonian operator
containing a perturbed Columbic potential, this means
physically the global Hamiltonian can be described
Hydrogenic atoms interacted with strong potential
composed with quantum mechanical gravitational
potential plus the harmonic oscillator potential and an
auxiliary part.

e  Ordinary interaction ([/0'4_( /)’—OJ/O)H{OEKJ ,uaz)}ﬂ) were
2

replaced by new modified interactions H.

nt—umgo
and H.

int —dmgo for Hydrogenic atoms,
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