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Schrédinger Equation with Double Cosine- and Sine<fuared Potential by Darboux
Transformation Method and Super-symmetry
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In this paper, we consider one-dimensional Schg&tirequation for the double cosine- and sine-sguaegential. We
construct the first order Darboux transformationd athe real valued condition of the transformed pt&k for two
corresponding equations. In this case, we obtartrimsformed potential and wave function, andlfiavestigate the super-
symmetry aspect of such corresponding equatioro, AMl® show that the first order equation is sattsfly commutative and
anti-commutative algebra with the constant conditibdifferent limits foix.

1. Introduction

There are several methods to study the
integrability model. One of the methods that we
focus here is Darboux transformation. It is well
known that Darboux transformation [1] is one of the
major tools for the analysis of physical systemd an
for finding new solvable systems, using a linear
differential operator. Darboux constructs solutions
of one ordinary differential equation in terms of
another ordinary differential equation. It has been
shown that the transformation method is useful in
finding soliton solutions of the integrable systems
[2-4] and constructing super-symmetric quantum
mechanical systems [5-7]. Also, more general
solvable cases were obtained by means of
factorization methods [8] and via Lie algebraic
approaches [9-13]. Darboux transformation is
known as one of the most powerful methods for
finding solvable Schrédinger equations with
constant mass, in the context of which it is also
called super-symmetric factorization method [14].
On the other hand during the past few years there
has been great interest in studying class
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of trigonometric potentials [15]. The solution of
such equation may be found by mapping it onto a
Schrddinger-like equation. So, we take advantage of
Darboux transformation and obtain the generalized
form of double-cosine and sine-squared potential.
The Darboux transformation has been extensively
used in quantum mechanics in search of isospectral
potential for Schrédinger equations of constantamas
and position-dependent mass [16-21]. So, we take
advantage from such transformation and obtain the
effective potential, modified wave function, shape
invariance  conditon and  generators  of
supersymmetry algebra for the two corresponding
potentials. This paper is organized as follows: we
first introduce the one-dimensional Schrédinger
equation for the double-cosine and sine-squared
potential and apply such transformation to these
equations. In that case, we show that the
corresponding potential change to new form of
potential. Finally, we study the supersymmetry
version and shape invariance condition for
transformed  double-cosine and sine-squared
potential.
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2. Double-Cosine potential

First of all we are going to consider a single igltin double-cosine potential which is given B],
V(x) = {Vl cos(x) + V,cos(2x)  0<x<2m
o0 x<0andx > 2w

@
Where Schrédinger like equation will be as,
[~ + Vi cos(@) + Va cos@) | () =BG, W(0) = Y(2m) =0
2
The maximum of the potential (1) occurs within the solution of the differential equation (2) is satsf
given interval betweer = 0 andx = 2t and has the the boundary conditions takes the forgh(x) =

value ofl},,,, = V4 + V,, while the minimum occurs
atx =r with the value ot,,,, =V, — V. Clearly, if

V; =0 and V, > 0, the problem corresponds to
Mathieus equation [23]. Assume the general

x 1
f"(x) + cot (E) f'(x) — [Z + V; cos(x) + 2V,cos?(x) =V, — E] f(x)=0

sin (Z) f(x). In that case, we use such condition
2

and make the second order equation (2) in terms of
f(x), which is given by

3)
Now we choose the following variable,
V: x
fG) = exp(-2) g, y = cos (%)
4)
And we obtain,
1 =yg" ) +[y(1 +4v.(1 = y»)]g' ) — [1 = 2V; + 4V, — 4E — 4(V7 + 8V,)y*(1 - yH)]g(y) = 0
)
So, the exact solution for thg andV, are
1 v 1,
go(x) =1, EOZZ_7+V2: V2=_§V1
(6)

In order to change the equation (2) into the forithh wnown polynomial, we need to choose the follogvizariable
9() =u()P(y)
)

So, one can rewrite the equation (5) as
ul
(1= y)P" ) + [20 = y) =+ y(1+ 411 - y9) | P )
+ [(1 —y) (1 (D)
u u
—{1 -2V, +4V, — 4E — 4(V? + 8V,)y*(1 — yz)}] P(y)=0
C)

Here, we consider the following associated - Legewifferential equation [24-26]
(1= y)P"TmO) ~ [a =B+ (@+ B+ 2yIP'Tm()
m(a+ B +m)+m(a—B)y
1—y?

+[n(a+ﬁ+n+1)— ]Pn‘f;ff(y)zo

9)

Also, we compare the equations (8) and (9) to edlebr and obtain the wave functiafy) andg(y) as
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B-a
1+vy\ 4 +6+3
u = e (75) T a-m

(10)
So, the general form @fy) andg(x) functions will be following
L-a
1+y\ 4 a+p-1 x
— ,-Wy? 22 ap — s
gy) =e™ ¥ (1_y) A=y 4 P, ¥= cos(z),
x\ |1+ cos (5) (%"‘) x (LBH)
2
g() = e (0 | — 522 sin (E) * TP ()
1-—cos (7)
(11)
Also, we take advantage from comparing (8) anda(®) obtain thg , E andf(x)
1 3
4 =Z<m—a—,8+§),
12)
E—1 )? <++7> 1( +32 +B+n+1)+ (++ +1>
—Z(ﬂ—a—aﬁa—ﬁm—a—ﬁ E)—n(aﬁn maﬁmz
(13)
And,
L-a
_L, (1+2Cosz(§)) 1+ cos (%) (T) . (a+§+3)
flx)=e 2" V7K sin (E) Pn‘f;ff (x)
1 - cos (7)
(14)

3. Trigonometric Sine-Squared Potential.

The second example we consider here is one-dinaisgchrodinger equation for the trigonometric ssgeared
potential, which is given by

[—d—z + Vpsin? (g)] C(x) = EC(x)

dx?
(15)
a —Tna
Where (57) = ¢ (5°)
This boundary condition leads us to consider folfmrchange of variable
X
C(x) = cos (E) o
(16)
So, one can rewrite equation (15) as
" — 2 X ! 1 E V .2 X
f"(x) —Etan (E)f () + - + Vysin (E) f(x)
17
By putting x = a Arcsin(y) in (17), one can obtain
12 _ 3y 1 w
F'0) = 7o 00+ (T3~ ) FO)
(18)
Wherew = 1 + u — a? andp = V,a?. By choosing suitable variable the same as previage we have
f) =u®P)
19)
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We substitute equation (19) in (18) and obtainfttiewing equation

n !

1 -yHP"(y) +|2(1 - yz)u;— 3y] P'(y) + [(1 - yz)% - 3yu; —w+pu(l - yz)] P(y)=0

(20)

Here, we compare equations (9) and (20) to eacdr,atind arrive at the following expression éigy), f(y) andf(x),

respectively

L-a

+y

a+f-1

uo) =(122) © a-y

1-y

(21)
1 B-a
_ +y\ 4 2 atf-1 ap X
0 = (1= y) (1-y>) + pinG) = sin-
And
B-a
X 4 —
1+ sin (—) 1
[ =|———=K] cos(>) * pim®
1 —sin (5) (a) w
a
(22)
On the other hand this comparison gives us oppityttomobtain the energy spectrum and the wavetfang
which are given by
hZ
E= e [n(a+ B +n)+1]
(23)
And
p-a
. X 4 —
1+ sin (— atp-1
X X 2
C(x) = cos (=) | ——% cos (— pE (x)
(a) 1—sin (ﬁ) (a) w
a
(24)
The corresponding energy spectrum always is pesi§u we have a stable system.
4. Darboux Transformation and Double-Cosine ige+ng=0, n=Fo,+Go,—-V
potential (27)

Now we are going to apply the Darboux
transformation to corresponding example such as
double-cosine and trigonometric  sine-squared
potential. So, we simplify the equation (5) as,
Fgy, +Gg, —Vg=0
(25)
WhereF andG andV are, respectively
F=(01-y%), G=y+4VyQ1-y?)
V=1-2V, +4V, — 4E
— 4V +8V,)y?(1 - y?)
(26)
Here we introduce the new variahjehat plays an
important role in Darboux transformation. So, we
can write the above equation withvariable, which
is given by

44

The Darboux transformation helps us to write the
equations (25) and (27) in a new form with diffdren
potential as

Wherey # V, impliesg(y) # §(y). We introduce
transformation operatdr as
A(i0 +1n) = (i0 + HA

(29)
These are called Darboux transformation operator
for the Hamiltoniam andij, respectively.
The operatoA transforms any solutigi{y) into a
new solution

fO) =)
(30)



The African Review of Physics (20172: 0005

Let Darboux transformation operator be the form of
a linear, first- order differential operator
A=A+Bo,
(31)

Where, we take special casefs B. In order to
find A or B, we consider the explicit form df andA
in form of the Darboux transformation and apply it
to the solutiorg(y), so

Ao, +mg(y) = (10, + N)Ag(y) (32)
Making linear independence gfy) and its partial
derivatives, we collect their respective coeffitgen
and put them equal to zero, from which one can
obtain the following value for the functiodsand?

2F=(f)B = B="-(1-y") (33)

A -1 x
fo.n=2400=—0- Y1 +0,)f0,0, y=sin()

So, the Darboux transformation operator will be as

-1
A= 7(1 —y)(1+44,) or A

o (s () -2

(34)
The relation betweeW and? will be as
~ 2 1+ y?
V=v+ﬁ—2 + 4V, — y?(16V, + 1)
(35)

Now, we achieve the generalized form of wave
function, which is corresponding to usual wave
function f (x) as

2
. _COSZ(%) 1 B—a a+p+3 x
flx,t) = m 1+ EVl sin(2x) — . (%) + 2 cot (E) fx,t)

te —%V1(1+Zcosz (%))

5. Darboux Transformation and trigonometric
sine-squared potential

The one-dimensional Schrédinger equation for the
trigonometric sine-squared potential is given by
" 3y , w
C'0) = 123 C0) + (725 1) €O
(37)
Thus, the trigonometric sine-squared potential
equation (37) is
(1-y)Cyy —3yC, — (0 —p(1—y*))C =0
(38)
By taking F=(1-y2),6=-3y and the
potentialy = w — u(1 — y?), we can rewrite the
above equation as,
Fd,, +Gd,—V =0

(39)
And
iC,+nC=0, n=Fd,,+Gd,—V

(40)
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(36)

In order to have same equations as (38) and (40)
with different potentials, we have to write follavg
equation,
iC,+HC=0, #H=Fd,+Gd,—V (41)
Where V # V and this implg # C. In order to
obtain the modified potentidf and corresponding
wave function for equation (41), we introduce
operator A, which is called Darboux
transformation. The general form of such Durboux
transformation will be
A=A+ Bo, (42)
For simplicity we supposé = B. By using the
following property of Darboux transformation
A(i0, + 1) = (0, + 1) (43)
One can obtain the generalized form of wave
function, which is corresponding to usual wave
functionC as

R x
Cly,t) =AC(y,t) = (1 + ay)C(y, t), y= sina
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L-a
A 2 L - iy (5
C(X, f) = [1 — lecan,‘;) + fo ‘fc] C(X, t) ta [1+smg]

2 1-sin=
a

OSE —
In order to obtain the parametdr we need to use
the equations (38) and (43) in following expression

A(id, + Fd,, + G, —V)C

= (i0; + Fdyy + Go, — V)AC

(45)
Making linear independence & and its partial
derivatives, we collect their respective coefficgen
and equal them to zero, so we can obfeas

A=a\/f=a\/1—_y2

And the modified potential is given by

(46)

. x x
V = a?V — a?E + 2tan® — + 2sin—
a a
(47)
_iBt
Where,C(y,t) = e = C(y)

6. Super-symmetry and Darboux Transformation

In what follows, we will prove that the formalisni o
supersymmetry for our generalized trigonometric
Double-Cosine potential equation is equivalenti t
Darboux transformation. So, here we introduce the
following self- adjoint operator
(i0; +0) =i60+6 (48)
Taking the operation of conjugation on Darboux
transformation in Eqn. (21), we obtain
(i6, + A" = A*(i0; + 1)) (49)
Where the operator A* ad joint to A =_71(1 -
y?)(1+a,) in double-cosine system is given by
A ==01-y)(1-0) (50)
Egns. (29) and (30) can be rewritten by single
matrix equation
0, +1 0 ] [f] =0
0 0, + Al Lf]
We assume thall = diag(n,%) and F = (ff)T
so the above equation can be written as
[id, + HIF =0 (52)
Two supercharge operat@rand Q™ are defined by
following matrices

0=[s ol

(51)

. _[0 A*
Q_[o 0
(53)
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)

a+[>’—1)

cos (g)( 2 P’z,’gl(X) (44)

WhereA andA* are the operator given by Eqns. (36)
and (50), respectively. One can show that the
HamiltonianH satisfies the following expressions
{00} ={Q,Q}=0
[Q,id, + H] = [id; + H, Q]
[Q*,id, + H] = [id; + H, Q"]
(54)

Considering the complementing relations of the
super-symmetry algebra; the anti commutators are
{0,0} and {Q*,Q*}. We obtain the operators
R = Q*Q andR = QQ* and consider their relations
with our Hamiltoniann and# So, one obtain th&
andR as follow,

R = |a|2[F(1 - ayy) - (F)y(ay + 1)]

(55)
And
R= lor|? [F(l - ayy) - (F)y(ay + 1) _%(F)yy
E
T2k
(56)

Where, the index will be derivative with respect
toy. In order to have shape invariance and super-
symmetric algebra we need to obtain- R. If such
value be constant or zero there is some super-
symmetry partner for such systems. Otherwise we
need to apply some condition R—R to have
constant value. So, we will arrive at following
equation for the&® — R

~

R—-R= |a|2[1+sin(§)] (57)

By using the conditior?(0) = W(27) =0 and,

x € [0,27] the value oR — R be zero or function of

a, and we have super-symmetry for the Double-
Cosine potential in case afconstant. So, in general
we can say that there is shape invariance for usual
and generalized potential under the above
mentioned condition. The shape invariance for the
potential is:V = V + constant.

In second example, we consider sine-squared
potential, saA andA* will be

A= a1 -y%(1+0),) (58)
And
A=a/1-y%(1-d)) (59)
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For the sine-squared potential also we consider
information from previous section such as equations
(51-54) andr = Q*Q andR = QQ*, one can obtain

R andR as(55) and (56).

Otherwise, we need to apply some condition in
R —R to have constant value. So, one can obtain
the following equation for tie— R

5 y
R-R= 2(1— )
lal?(1-125;

(60)
We mention here that if we want to super-symmetry
algebra we need to have also the following
commutation relation, and also anti-commutation
relations betwee andp*.

{0.e"}=H, {QQ}={Q"Q"}=0

(61)
If we look at the equation (61), we need to appby t
conditon R —R be zero or constant, in the
corresponding conditioR — R be zero or function
of a (¢ is constant). So, we have super-symmetry
system, and it means that two potentials are sadisf
by the shape invariance condition.

7. Conclusion

In this paper, the Double-Cosine potential equation
was studied. The first-order Darboux transformation
was applied to the corresponding equation. In order
to relate  super-symmetry and  Darboux
transformation, we discussed the supersymmetry
algebra and its commutation and anti-commutation
relations. It was shown that to satisfy such anti-
commutation super-charges, the teRm- R must

be constant. Also, we applied this condition to
R —R and showed that in the interf@Rn], «
must be constant. This condition completely
guarantees the relation between super-symmetry and
Darboux transformation. This result plays an
important role for any solvable, non-solvable and
guasi-solvable systems.
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